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Molecular surfaces are essential for computations of chemical and physical
properties for protein-protein interactions in the fields like drug design. Edels-
brunner proposed a new paradigm named the skin surface. The principal goal
of this thesis was to develop and implement efficient algorithms for the purpose
of fast visualization of surfaces represented in the skin surface model.
Two algorithms are given in this thesis. The RBT clipping algorithm
decomposes the skin surface into a set of rational Be´zier triangles (RBTs)
by clipping quadratic surfaces in their respective mixed cells. The skin flow
iv
complex algorithm constructs a sequence of quadratic complexes to represent
the growing skin surfaces of a macromolecule. A skin flow complex structure
is created by decomposing the skin mixed cells, which can be used to generate
skin surface with all possible α sizes. As α increases, the molecule models
grow. It fills the purpose of usages in different sizes of solvents. Moreover, the
two algorithms are general enough for other molecular models and geometric
modelling purposes, such as CAD/CAM applications.
The implementation results provide evidence of the efficiency of the
algorithms. The skin meshes generated by the algorithms will serve as an
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Designing new drugs to treat the uncured diseases and improve people’s life is
one of the most important challenges in science. So far, there are still many
diseases such as AIDS, cancer and leukaemia, for which there is no real cure.
Two keys in a successful drug design are the identification of the right cellular
target and the selection of the right drug candidates. A potent drug is a
small molecule called a ligand that simultaneously optimizes its affinity with
the target, and decreases the interaction between the ligand and other targets
that could lead to side effects [23, 14]. The process of target identification and
drug selection usually involves large-scale computations and experiments and
thus the design of new drugs always takes a long time. For example, to bring
up a new medicine from the laboratory to the patients takes an average of 10
to 15 years [20].
Computational tools that predict the interaction between proteins and
ligands, namely, protein-ligand docking programs, accelerate the drug develop-
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ment process significantly. The docking problem has attracted great attention
from computer scientists and biochemists [21, 26]. A geometric formulation of
the docking problem is as following. Given two proteins A and B, compute the
alignment such that their shapes best complement each other. In order to de-
velop efficient algorithms for the docking problem, accurate molecular shape
representations are desired. However, accurate molecular models are com-
putationally expensive to generate, especially for macromolecules like DNAs
and proteins [26]. Researchers work on various surface representations such
as unions of balls, molecular surfaces, and metaballs, etc [1, 3]. Edelsbrun-
ner defines a new paradigm, namely the skin surface, which has advantages
over other surface models [12]. First, the surface is smooth and without any
self-intersection. Second, the surface is homotopic equivalent to its underlying
structure, namely, the alpha shape [11, 15] which shows the connectivity of
the atoms in a molecule.
Several approaches have been developed to visualize the skin surface
and they fall into two main categories, namely, decomposing the surface into
a finite number of trimmed Be´zier patches, or a mesh. The first approach
is attempted by Cheng in his thesis [6]. The skin is decomposed into ratio-
nal quadratic Be´zier patches with its trimming curves. Although this is the
best approach for fast visualization, the difficulty lies in the computation of
the trimming curves, which are the intersections of many areas bounded by
quadratic or cubic curves. Many others attempted to convert the skin sur-
face into a piecewise linear approximation [7, 8, 9]. These approaches aim for
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producing a mesh which has good qualities as well as a homeomorphism to
the original surface. Unfortunately, the speed of meshing is too slow for fast
visualization.
This thesis develops efficient algorithms for building skin molecular
models for macromolecules. In particular, I focus on the speed of the al-
gorithms for skin surfaces visualization.
1.1 Main Contributions
Two algorithms are given in this thesis for the purpose of fast visualization
of macromolecules and surfaces represented in skin surface model. The RBT
clipping algorithm decomposes the skin surface into a set of rational Be´zier
triangles (RBTs) by clipping quadratic surfaces in their respective mixed cells.
The skin flow complex algorithm constructs a sequence of quadratic complexes
to represent the growing skin surfaces of a macromolecule. A skin flow complex
structure, similar to the flow complex structure [18], is created by decomposing
the skin mixed cells, which can be used to generate skin surface with all possible
α sizes. As α increases, the molecule models grow. It fills the purpose of
usages in different sizes of solvents [27]. Both the algorithms are implemented
and Figure 1.1 shows examples generated by my program implementations.
Moreover, the two algorithms are general enough for other molecular models
and geometric modelling purposes, such as CAD/CAM applications.
As a result, this thesis consists of two parts. The first part describes the




Figure 1.1: Figures (a) show examples of modelling smooth deformable sur-
faces by rational Be´zier triangles and Figures (b) show an example of growing
a DNA molecule by modelling in quadratic complex at different α values.
algorithm.
In the first part, the RBT clipping algorithm is described. It adapts to
the stereographic projection method [16] and I derived the RBT clipping cases
to model a skin mesh in a rational Be´zier complex. The patches in a rational
Be´zier complex are all quartic rational Be´zier triangles and a quartic RBT
is defined by 15 weighted control points. Therefore, a system of equations
with 60 unknowns has to be solved when a quartic RBT is to be clipped. I
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utilize the Maple software to help me solving those equations. I applied the
Lagrange mean value theorem in the process of clipping a RBT. The results
from the implementation show us a potential way to accelerate the process of
skin mesh generation, namely, to decompose a skin mesh into a finite number
of rational Be´zier patches. Due to the boundary conflicts problem occurred in
the clipping process, the RBT clipping algorithm only works for simple models
and we start to look for a new method that keeps the decomposition part from
the algorithm and still guarantees boundary coherence.
In the second part, the skin flow complex algorithm is introduced. It
decomposes a skin surface into a finite set of quadratic patches that form a
quadratic complex. The quadratic complex structure maintains the boundary
coherence of the skin surface mesh. A skin flow complex structure is created by
decomposing the skin mixed cells, which can be used to generate skin surfaces
with all possible α sizes. By taking the advantages of the skin flow complex
structure, the algorithm builds an initial skin flow complex and uses it to
generate skin surfaces with all possible α inputs.
In the next chapter, I will introduce some important properties of the
skin surface, namely, the skin mixed cells, mixed cell complex and skin decom-
position, as well as some geometric background about rational Be´zier complex





Both the RBT clipping algorithm and the skin flow complex algorithm follow
from the decomposition of the skin surface. This chapter describes some of the
skin surface properties here. For more details, readers can refer to the work of
Edelsbrunner and Cheng [6, 12]. This chapter also defines the rational Be´zier
complex and how to model a quadratic patch for the RBT clipping algorithm,
followed by the quadratic complex that maintains boundary coherence of skin
mesh for the skin flow complex algorithm.
2.1 Skin Surfaces
Let bi = (zi, wi) denote a weighted point in R3 × R, where zi ∈ R3 is called
the center and wi ∈ R is called the weight. Given a finite weighted point set
B = {bi | i = 1..n} ⊂ R3 × R, we can define a skin surface F that can be
decomposed by a set of mixed cells. Since we have the Delaunay complex,
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DB, and Voronoi complex VB of B, we can construct the set of mixed cells
MB[13]. For each simplex δi in DB, there exists a corresponding element in







| δi ∈ DB
}
.
Since all elements in DB and VB are convex polytopes, every mixed cell
is also a convex polytope. Moreover, because VB partitions R3, MB partitions
R3 and the skin surface F as well. For each mixed cell µi ∈ MB, µi ∩ F is a
portion of either a sphere or a hyperboloid. Figure 2.1 shows an example of
such decomposition.
Mixed cell complex. Given a skin mixed cells MB, the mixed cell complex





X | X ⊂MB,mX 6= ∅
}
.
Define the dimension of a mixed cell as dim(mX) that is the minimum
dimension of spaces that contain mX . If dim(mX) = d, mX is called a d-mixed
cell.
We define the growth of B by increasing the weights, with a parameter
α ∈ R. Growing means increasing the weights in B as wi(α) = wi+α, with α




Figure 2.1: The decomposition of the skin surface into four types of patches
within respective mixed cells and the original skin surface. Figures (a-d) to-
gether make up the skin surface in Figure (e). Figures (a) and (d) are sphere
patches while Figures (b) and (c) are hyperboloid patches.
as
B(α) = {bi(α) = (zi, wi(α)) | bi ∈ B}.
2.2 Rational Be´zier Complex
A rational Be´zier complex consists of vertices, RBCs and RBTs. In order to
represent quadratic surfaces, the curves and surfaces have to be rational. A
degree n rational Be´zier curve (RBC) β(t) is defined by n+1 weighted control
8












(1− t)n−iti, t ∈ [0, 1].
The rational Be´zier triangles (RBTs) are defined in a similar way. Given the
weighted control points pˆijk = (pijk, wijk) ∈ R3 × R for 0 ≤ i, j, k ≤ n and











for 0 ≤ s, t ≤ 1, and s+ t ≤ 1.
Our goal is to represent a skin surface with finitely many RBTs and
the collection is called the rational Be´zier complex. In R3, a two dimensional
simplicial complex consists of vertices, edges, and triangles [17, 24]. Similarly,
a two dimensional rational Be´zier complex, K, consists of vertices, rational




Figure 2.2: Initial construction of the quadratic surfaces. Figures(a) show the
construction of the surfaces of unit sphere, one sheeted hyperboloid and two
sheeted hyperboloid respectively. Figures(b) show the patches.
(a) (b)
Figure 2.3: Examples of rational Be´zier complexes. Figure (a) shows a valid
example of RB complex while Figure (b) shows an invalid example of RB




1. if τ ∈ K and σ is a face of τ , then σ ∈ K, and
2. if τ, τ ′ ∈ K, then σ = τ ∩ τ ′ is a common face of both τ and τ ′.
The faces of a Be´zier triangle are its three boundary Be´zier curves, and
the faces of a Be´zier curve are its two end points. We assume that a vertex has
no face. Figure 2.3 shows examples of rational Be´zier complex and Figure 2.2
shows how a rational Be´zier complex models a sphere or a hyperboloid (one
or two sheeted).
2.3 Representing Quadratic Patches with Ra-
tional Be´zier Triangles
In order to construct a rational Be´zier complex ki for a whole sphere or a
hyperboloid with a bounded height for each mixed cell, we first decompose the
quadratic surface into smaller patches and each of them is bounded by three
planar curves. As illustrated in Figure 2.2, we use 8 RBTs to construct a unit
sphere, and two sheeted hyperboloid. We use 16 RBTs to construct the one
sheeted hyperboloid. Then we convert each of the triangular patches with a
RBT.
We can obtain its RBT representation [16], if the quadratic patch is
bounded by three planer curves. As illustrated by Figure 2.4, the process
of parameterization can be achieved in three steps. First, for a triangular
11
quadratic patch Q, we project it down to a plane by stereographic projec-
tion and denote its image Q′ = f(Q). Then, as the image patch Q′ is a planar
quadratic patch, we parameterize it into a quadratic RBT, where Q′ = g(u, v).
Finally, by composing the inverse of the stereographic projection f and the
quadratic RBT parameterization g, we have f−1(g(u, v)) as a quartic polyno-
















Figure 2.4: Visualization of the parameterization process
2.4 Quadratic Complex
In order to maintain boundary coherence of skin meshes, a skin surface is fist
decomposed into quadratic patches, which form a quadratic complex. In R3,
a two dimensional simplicial complex consists of vertices, edges, and triangles
[17, 24]. Similarly, a two dimensional quadratic complex, K, consists of ver-
tices, quadratic curves and quadratic patches which satisfy the following two
12
conditions,
1. if τ ∈ K and σ is a face of τ , then σ ∈ K, and
2. if τ, τ ′ ∈ K, then σ = τ ∩ τ ′ is a common face of both τ and τ ′.
The faces of a quadratic patch are its boundary quadratic curves, and
the faces of a quadratic curve are its two end points. We assume that a vertex




Figure 2.5: Examples of quadratic complexes. Figure (a) shows a valid exam-
ple of quadratic complex while Figure (b) shows an invalid example because
the patches do not agree on the curve β.
So for any α ∈ R, as long as the triangulations of two neighboring
patches in a quadratic complex agree with each other on the common bound-
ary, the whole mesh of skin(B(α)) is a simplicial complex and therefore,
boundary coherence is guaranteed.
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2.5 Summary
This chapter introduced the concepts of skin mixed cells, mixed cell complex,
the growth model, and defined the skin surface, the rational Be´zier complex
used in the RBT clipping algorithm and the quadratic complex used in the skin
flow complex algorithm. The properties of skin decomposition were reviewed.
These background lays the foundations to the rest of this thesis. It enables us




This chapter describes a fast skin meshing algorithm for visualizing simple
skin models. The algorithm computes a rational Be´zier complex (defined in
section 2.2) in each skin mixed cell that intersects with the skin surface and
generates a skin mesh from the RB complexes.
3.1 Approach
Given a skin surface F , it is partitioned into finitely many mixed cells and
in each of these we can construct a subset of the rational Be´zier complex
individually. Each mixed cell is a convex polytope and all of them partition
R3, thus, the skin surface. Within each mixed cell µi, F ∩µi is either a portion
of a sphere or a hyperboloid. Therefore, we first construct a rational Be´zier
complex ki for a whole sphere or a hyperboloid with a bounded height for each
mixed cell. Then, we clip ki by each halfspace that bounds the mixed cell one
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by one. So, we obtain a RBT representation of the portion of F within each
mixed cell and the final step is to manage the boundary agreements between
two rational Be´zier complexes in neighboring mixed cells to satisfy the RB
Complex Conditions.
To clip a rational Be´zier complex with a halfspace, it is similar to the
case of clipping a two dimensional simplicial complex. For the simplicial cases,
we just clip every simplex one by one with the halfspace. After clipping, each
triangle becomes at most two smaller triangles. For the Be´zier cases, each
RBT will form a few new RBTs after clipping.
3.2 Overall Algorithm
With the quartic RBTs that make up of the quadratic surfaces, we clip each
RBT in its mixed cell individually by Algorithm 1,
Algorithm 1 Clip a quadratic surface Θ within its mixed cell µ
1: S := ki, the initial set of RBTs of Θ;
2: for all bounding half space ηj of µi do
3: S’ := Ø;
4: for all Qa of S do
5: S’ += CutPatch (ηj, Qa);
6: end for
7: S := S’;
8: end for
9: return S;
The procedure CutPatch(ηj, Qa) clips one RBT with one halfspace. It
computes and returns the resulting RBTs of Qa clipped by ηj.
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3.3 Pre-simplification
The procedure CutPatch(ηj, Qa) computes the numbers of intersections be-
tween the bounding plane of ηj and each of the three boundary curves of Qa
and categorize them into different cases. The number of intersections on each
boundary curve is at most 2 because each curve is quadratic. Even though
each boundary curve has at most 2 intersections with the cutting plane, there
are still many clipping cases to be analyzed. The number of intersections of
the three curves can be (2,2,2), (2,1,1), (2,2,0), (1,1,0), (2,0,0) and (0,0,0). Our
goal here is to split the RBT Qa into smaller RBTs such that each boundary
curve of the small RBTs intersects the plane of ηj at most once.
If a boundary curve of a RBT has two intersections with a cutting plane,
the RBT is splitted into two halves on that curve as shown in Figure 3.1(a).
Doing this may result in infinite loops if the case of Figure 3.1(c) happens,
where the smaller RBTs also have boundary curves with two intersections
with the cutting plane. However, we argue that it is not possible under our
initial construction of the quadratic surfaces by RBTs. Because by intersecting
a plane with a sphere or a hyperboloid, we only have two types of intersection
curves, namely circular arcs or hyperbolas. Obviously, a single hyperbola curve
or a circular arc cannot go through such four points on a RBT as shown in
Figure 3.1(c). It is necessary to have a pair of planar hyperbola curves on
the RBT in order for the case of Figure 3.1(c) to happen. Therefore, it is
not possible in the case of the sphere surface and the two sheeted hyperboloid
surface. It is also not possible in the one sheeted hyperboloid case because we
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cut the surface in the middle in the initial construction by RBTs as in Section
2.3 and thus not a pair of hyperbola curves can be found in one RBT.
After these simplifications, there are only two base cases where the
numbers of intersections on each of the boundary curves are 1 or 0.
(a) (b) (c)
Figure 3.1: Three possible results after splitting. Figures (a) and (b) show the
cases where the split reduces the overall number of curves with intersections
by 1. Figure (c) shows the case where the split brings another curve of two
intersections.
3.4 Clipping Base Cases
After the pre-simplification, for each of the RBTs, the number of the inter-
sections between each of its three boundary curves and the cutting plane is
either 1 or 0. From the pattern of the numbers of the intersections on the
three boundary curves we have only two base cases, which are Base Case 110
and Base Case 000. In Base Case 110, the numbers of intersections of the
three boundary curves of the RBT between the cutting plane are (1, 1, 0). In
Base Case 000, the numbers of intersections of the three boundary curves of
the RBT between the cutting plane are (0, 0, 0). We then clip each of these
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RBTs by the cutting plane following the base cases.
3.4.1 Base Case 110
As shown in Figure 3.2, after the clipping we keep either the lower half or the
upper half of the RBT, depending on which side of the halfspace belongs to
the mixed cell. It is trivial if we want to keep the lower triangular half because
we simply generate the smaller triangular patch by the method introduced in
Section 2.2. Otherwise, we break the upper rectangular half into two RBTs.
However, it is not trivial for the second case, because it may not be possible
to find a plane that breaks the rectangle patch into two halves.
Solution for Base Case 110, Rectangular Half. A general way to break
the rectangular patch is shown by Figure 3.3. Let η be the cutting plane that
cuts the RBT ABC with D and E as intersections on the boundary curves
βBC and βCA. The goal is to triangulate the rectangular patch ABDE into
a small set of RBTs. Here we present a way to triangulate the patch ABDE
into maximally 3 smaller RBTs and it is done in two steps.
Assume the three bounding planes of RBT ABC intersect in one point
P as shown in Figure 3.3(a). Otherwise, the intersection line of two bounding
planes is parallel to the other plane. So we compute the direction V of the
intersection line and define the orthogonal projection fo with V , as shown
in Figure 3.3(b). Then the RBT ABC and the planar triangle ABC have 1











Figure 3.2: Case 110. To keep the upper rectangular half, we break it into
two as in Figure (b). Figure (c) shows a real example of this case on a sphere
patch, where after clipping by plane η, either the red RBT or the blue and
green two RBTs are kept.
projection fo. The three boundary curves of RBT ABC are mapped to the
three edges of triangle ABC. Point D on curve βBC is mapped to D
′ on line
BC and point E on curve βCA is mapped to E
′ on line CA.
Step 1 Compute the Curve βD′E′. We first compute the intersection curve
βDE between η and the RBT ABC. Since the RBT ABC is on a quadratic

























Figure 3.3: General way to break the rectangular half for Base Case 110.
Figure (a) shows the case where the three bounding planes of the RBT intersect
at point P . Figure (b) shows the case where the three bounding planes do not
intersect at one point.
quadratic RBC βD′E′ = c(t). Then by the stereographic projection f that
projects βDE to the plane ABC from P , we have its image curve βD′E′ =
f(βDE). By composing the two mapping, we have a quadratic polynomial
βD′E′ = f(c(t)). Again we express βD′E′ as a quadratic RBC and derive its
three control points {(D’,w′1), (M’,w′2), (E’,w′3)}. If the three bounding planes
of the RBT ABC do not intersect at one point, we use fo instead of the
stereographic projection f above and compute βD′E′ similarly, as shown in
Figure 3.3(b).
Step 2 RBT Triangulation of ABDE. After βD′E′ is computed, point
D′, E ′,M ′ are on the plane ABC. As shown in Figure 3.4, if M ′ and B lie on
different sides of line AD′ , then plane PAD′ will break the rectangular patch
ABDE into two RBTs ADE and ABD nicely, because their stereographic













Figure 3.4: RBT Triangulation. Figure (a) shows the normal case where the
rect half is triangulated two RBTs. Figure (b) shows the worst case solution
where the rect half is triangulated into three RBTs.
A lie different sides of line BE ′, then plane PBE ′ will break the rectangular
patch ABDE into two RBTs ABE and BDE. Otherwise, there must be some
point on curve βD′E′ with its tangent vector parallel to
−→
AB, by Lagrange mean
value theorem. Call this point R and then planes PAR, PBR will split the
rectangular patch ABDE into three new RBTs. If the three bounding planes





split the rectangular patch ABDE into three new RBTs.
3.4.2 Base Case 000
If there are no intersection between the three boundary curves of the RBT
and the cutting plane, possibly the RBT is totally in or out of the halfspace,
as shown in Figure 3.5(c).
However, there is a possibility where the cutting plane intersects the
RBT in a closed loop as shown in Figure 3.5(d). In order to detect this case,
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we first compute the point Pk on the RBT with its tangent plane parallel to
the cutting plane. Then we claim that this case happens if and only if Pk and
the vertices of the RBT lie on different side of the cutting plane. To solve this,
we first break the RBT into three smaller RBTs by Pk and then clip each of











Figure 3.5: Case 000. Figure (a) shows the normal case of case 000 where
either the whole RBT is in or out of the halfspace. Figure (b) shows the
case where the cutting plane intersects the RBT in a closed loop and gives a
solution by splitting the RBT into 3 smaller RBTs. Figure (c) and (d) show
the two types of possible results from the case in Figure (b).
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3.5 Summary
This chapter described an algorithm for fast skin mesh generation by clipping
quadratic surfaces in their respective mixed cells. Two hidden problems re-
main in the above algorithm. First, there may exist gaps between two patches
in different mixed cells because of the triangulation by graphic hardwares. Sec-
ond, the computation of intersection is not robust enough because of numerical
errors, such as cases when a cutting halfplane touches the surface. The two
problems are addressed here and suggested solutions are given.
3.5.1 Boundary Coherence
After clipping, the collection of all the RBTs may not maintain the RB Com-
plex Conditions, thus the RBTs may not form a rational Be´zier complex.
Most of the real time hardware convert the RBTs into meshes and gaps are
created between neighboring RBTs if they are not a rational Be´zier complex,
see Figure 3.6(a).
(a) (b)
Figure 3.6: Boundary coherence. Figure (a) shows an example of boundary
incoherence, where gaps are created during triangulation. Figure (b) shows an
example of boundary coherence.
Algorithm 1 does not break a RBT on its boundary curves unless it
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breaks two neighboring RBTs by the same point on their common boundary
RBC. Therefore, Algorithm 1 does not cause any boundary conflicts within a
mixed cell. Thus, the boundary conflicts only occur on the boundary planes
of the neighboring mixed cells. As a result, in order to achieve boundary
coherence for the rational Be´zier complex, we just have to maintain the RB
Complex Conditions between the neighboring mixed cells after clipping. If the
RB Complex Conditions are not satisfied, a vertex on one side of the mixed
cell halfspace lies on the interior of a RBC on the other side. So we break
the RBC into two at that vertex and break the RBT attached as shown in
Figure 3.6(b).
In order to locate all such cases of a vertex lying in the interior of another
RBC, we first group all the RBCs that lie on the same boundary plane of a
mixed cell together as shown in Figure 3.7. Since the boundary curves are a
portion of either a hyperbola or a circle, every end point of a RBC can be
labelled by a parameter t of the complete circle or hyperbola. Then we can
locate the intersections by simply sorting all the parameters in order to achieve
boundary coherence.
Since each of the common RBCs is parameterized in the same way in
the two RBTs that share it, the RB Complex Conditions are satisfied and the
union of the Be´zier complexes ki from all mixed cells µi is a Be´zier complex
K that represents a skin surface F . Moreover, there will be no gaps after K
is triangulated for rendering.
25
Figure 3.7: Boundary coherence between two mixed cells. Squares and crosses
denote the curve end points of the two different neighboring mixed cells.
3.5.2 Numerical Errors Handling
If we represent the control points of a RBC by floating point numbers, it is
not possible to compute degenerate cases, e.g. a RBC touches a plane, or to
tell if two end points of two RBCs are the same point. Therefore, we can
not accurately count the numbers of intersections in the boundary curves of a
RBT with a cutting plane and thus the clipping can not be accurately done.
The solution is to use exact arithmetic computation. Because all the
halfspaces of the skin mixed cells can be expressed using real numbers [14],
we represent each Be´zier vertex as an intersection between two halfspaces and
a quadratic surface instead of its position in numeric values. Each RBC is
then represented by two such Be´zier vertices and a normal vector. The normal
vector is same as the normal vector of the plane on which the RBC lies.
With this exact arithmetic representation, we can clip the RBTs ac-
curately. Take the case of computing the number of intersections of a RBC
and a plane for example. Since a RBC is the intersection of a plane and a
quadratic surface, then the number of the intersections of a RBC and a plane
is same as the number of intersections of two planes and a quadratic surface.
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By first intersecting the two planes, we can have a parameterized line equation
l(γ) = −→p + γ · −→d , where −→p and −→d are vectors of real numbers and γ is a pa-
rameter. Then by substituting the line equation l(γ) into the quadratic surface
equation, we have C(γ). Then we can compute the number of intersections by
exact arithmetics.
Another example is to verify if two end points from two RBCs are the
same point. Since an end point of a RBC is the intersection of two planes
and a quadratic surface, the intersection between two end points from two
RBCs is the intersection of four planes and two quadratic surfaces. By first
intersecting the four planes, we can tell the two end points are different if the
four planes do not intersect in a point. Otherwise, we can easily check whether
the intersection point of the four planes lies on both of the quadratic surfaces
by substituting the point into the surface equations. Then the original two
end points are the same point if the intersection point of the four planes lie on
both quadratic surfaces. Otherwise, they are different points.
Therefore, the exact arithmetic representation also helps achieving bound-
ary coherence of the rational Be´zier complex because it makes the clipping
procedure accurate within a mixed cell.
While I was working on the two problems of the RBT clipping algorithm,
another skin meshing algorithm was being developed. The later seemed to be
smarter as it makes use of the skin mixed complexes information to generate
skin surfaces. Thus in the second half of my research, I focused on developing
and implementing the new algorithm, namely the skin flow complex algorithm.
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Chapter 4
Skin Flow Complex Algorithm
A new skin meshing algorithm for fast visualization of growing skin surfaces of
a macromolecule is presented in this chapter. The goal here is to construct a
sequence of quadratic complexes defined in section 2.4 to represent the growing
skin surfaces of a macromolecule. A skin flow complex structure is created by
decomposing the skin mixed cells, which can be used to generate skin surface
with all possible α sizes. As α increases, the molecule models grow. It fills the
purpose of usages in different sizes of solvents [27].
In order to decompose the skin surface skin(B(α)) for any α ∈ R into
quadratic patches that form a quadratic complex, a 3D space partition is
needed. It is desired to partition the 3D space by decomposing each skin
mixed cell into smaller elements such that each of them intersects the skin
surface skin(B(α)) a topological disk, and such decomposition is valid for all
possible α values when the skin surface grows. The collection of those elements
is defined as the extended simplicial complex.
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4.1 Extended Simplicial Complexes
We define a structure similar to the notion of simplicial complexes but the
difference is that we allow vertices at infinity positions. We called this struc-
ture as extended simplicial complexes in R3 but its vertex set is in the space
R3 × {0, 1}. So every vertex is in its homogenous coordinates representation.
Namely, if the last coordinate is 1, the first three coordinates express the po-
sition of the vertex. Otherwise, the vertex is at an infinity far away position
in the direction of the vector with the first three coordinates. For a vertex
p = (p1, p2, p3, p4), we use the notation pˆ as the vector (p1, p2, p3) ∈ R3 and
this notation is extended to a set of vertices as well. Two distinct vertices
p, q ∈ R3 × {0, 1} are affinely independent if
1. any one of them is an infinite point, or
2. pˆ and qˆ are affinely independent if p and q are both finite points.
Every finite set of vertices S can be decomposed into two sets S0 and S1 that
are the sets of infinite and finite vertices respectively. The convex hull of S is
defined as
conv(S) = {pˆ1 + t · pˆ0 | pi ∈ conv(Sˆi), i ∈ {0, 1}, t ≥ 0}.
If S is affinely independent, σ = conv(S) is a d-cell if card(S) = d+1 and the
dimension of σ is d. The convex hull of a subset T ⊂ S is a face of conv(S).
For completeness, a vertex has no face and its convex hull is the vertex itself.
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An extended simplicial complex, K, is the union of a finite subset V ⊂
R3×{0, 1} and some convex hulls of V satisfying the following two conditions:
1. if σ ∈ K, all the faces of σ is also in K, and
2. if σ1, σ2 ∈ K, their intersection is either empty or a common face of
them.
Closed ball property. Given M ⊂ R3, a d-cell has the closed ball property
(CBP) with M if the intersection of its interior with M is homeomorphic to a
(d− 1)-ball. An extended simplicial complex K has the CBP with M if every
cell of K has the CBP with M .
4.2 Skin Flow Complex
Skin flow complex. A skin flow complex is an extended simplicial complex
that has the CBP with skin(B(α)), for any α ∈ R.
The skin flow complex is generated based on the skin mixed cells. The
goal is to decompose each element of the skin mixed cell complex into finitely
many smaller cells having the CBP with skin(B(α)), for any α ∈ R. We
construct the skin flow complex by Algorithm 2,
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Algorithm 2 Skin flow complex construction
1: skin flow complex S := ∅;
2: for d = 1..3 do
3: for all mixed cell element µd in skin mixed cell complex where
dim(µd)=d do
4: decompose µd into flow complex µ
′
d;
















Figure 4.1: Decomposing an edge into a flow complex.
4.3 Decomposing a Mixed Cell Element µd into
a Flow Complex
Recall that a flow complex is an extended simplicial complex that has the CBP
with skin(B(α)) for any α ∈ R. We decompose a mixed cell element µd into
a flow complex according to the dimension of the element d = dim(µd).
When d=0, µd is a vertex and therefore it immediately has the CBP
with skin(B(α)) for any α ∈ R.
When d=1, µd is an edge e. If e belongs to a 0 or 3-mixed cell, the patch
within is a partial sphere. Otherwise e belongs to a 1 or 2-mixed cell, where
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the patch within is a partial hyperboloid, and e is parallel to the rotation axis
of the hyperboloid, as shown in Figure 4.1. For both cases, if the projection
of the mixed cell center on e, O′, lies out of e, e has at most one intersection
with skin(B(α)) for any α ∈ R. So e has the CBP. Otherwise, break e into
two edges e1 and e2 at O
′. So e1 and e2 will have at most one intersection with
skin(B(α)) for any α ∈ R because O′ is the nearest point to O on e. So e1
and e2 have the CBP.
When d=2, µd is a convex facet intersecting skin(B(α)) for any α ∈ R
either empty or a circular or hyperbolic curve. All facets of type 0 and 3 mixed
cells contain circular curves and the rest facets contain hyperbolic curves.
Note that according to Algorithm 2, all the existing edges have the
CBP at this stage. In order to triangulate the two types of facets into flow
complexes, every new edge has to have the CBP. Then circular facets are
triangulated by creating a star of triangles around the center of the facet
towards each edge, as shown in Figure 4.2(a). Note that for the circular facets,
all the edges started from the facet center have the CBP with skin(B(α)), for
any α ∈ R. Therefore, the described the triangulation above decomposes a
circular facet into a flow complex.
Hyperbolic facets are rectangles with their edges parallel or perpendic-
ular to the rotation axis of the corresponding hyperboloid. Then the facet
is subdivided in the symmetry plane of the hyperboloid, if it intersects the
symmetry plane. For each non-empty subdivided facet, a star of triangles is
created from the projection of the mixed cell center on the edge parallel to the
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symmetry plane to the rest of the edges in the subdivided facet, as shown in
Figure 4.2(b). Since the new edges created in this stage always have opposite
signed tangent against the tangents of points on respective hyperbolas, all the
new edges have the CBP with skin(B(α)), for any α ∈ R. Therefore, the
described the triangulation above decomposes a hyperbolic facet into a flow
complex.
In the situation of hidden case, where the facet center is out of the facet,
we pick the vertex p ∈ µd with minimum distance to the facet center and set
it to be the virtual center of the facet. Then we use the virtual center instead





Figure 4.2: Triangulating circular and hyperbolic facets into flow complexes.
When d=3, µd is a convex polytope. Note that according to Algo-
rithm 2, all the existing edges and triangles have the CBP at this stage. Mixed
cells of type 0 and 3 are decomposed into tetrahedra by taking the joint of
each triangle on the facets and the center of the mixed cell.
For a mixed cell of type 1 or 2, it is first split in the symmetry plane of
the hyperboloid defined in the mixed cell. In this way we obtain two prisms
if the mixed cell intersects the symmetry plane and one otherwise. Then each
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prism is tetrahedronized by taking the join of each triangle with the center of
the facet farthest away from the symmetry plane.
In the situation of hidden case, where the mixed cell center is out of the
mixed, we pick the vertex p ∈ µd with minimum distance to the mixed cell
center and set it to be the virtual center of the mixed cell. Then we use the
virtual center instead of the real mixed cell center and continue with process
as described above.
Similar to the case where d=2, all the new edges and triangles created
in this stage have the CBP with skin(B(α)), for any α ∈ R. Therefore, the
described the tetrahedronization above decomposes a mixed cell into a flow
complex.
Lemma 1 Any edge in a skin flow complex has at most one intersection with
the skin surface skin(B(α)), for any α ∈ R.
Proof. Since the skin surface is a mixed cell is a quadratic surface, the
maximum number of intersections between an edge and skin(B(α)) is 2, for
any α ∈ R. If there are two intersections, it violates the CBP and skin flow
complex definition.
Lemma 2 Any triangle in a skin flow complex intersects the skin surface
skin(B(α)), for any α ∈ R either empty or one curve segment.
Proof. If there are more than one curve segments, then there must be
more than four intersections between the three edges and the surface, which
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is not possible because the three edges all have the CBP with the skin surface
skin(B(α)), for any α ∈ R.
Lemma 3 Any tetrahedron in a skin flow complex intersects the skin surface
skin(B(α)), for any α ∈ R either empty or bounded by three or four curves.
Proof. For each of the four vertices of the tetrahedron, define a birth alpha
such that the vertex is on the quadratic surface if the current alpha equals
to its birth alpha. As shown in Figure 4.3, the skin surface first enters the
tetrahedron as a patch bounded by three curves, when A is inside while B,C,D
are outside the skin surface. As alpha grows, B becomes the second point
getting inside the skin surface, when the intersection patch is bounded by four
curves. Then C becomes inside while D is still outside the skin surface, when
the intersection patch is bounded by three curves again. The skin surface exits
















Figure 4.3: Lifespan of skin surfaces in a flow tetrahedron. As alpha grows, the
intersection patch is first bounded by three curves(a), and then four curves(b),
and then three curves again(c) before it is empty.
Theorem 1 The complex constructed by Algorithm 2 is a skin flow complex.
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Proof. For each pair of neighboring mixed cell element with dimension d,
they are decomposed the same way at their common face, which is a mixed
cell element of dimension d− 1. Therefore, the constructed complex is indeed
an extended simplicial complex. Also because every cell of the complex has
the CBP with skin(B(α)), for any α ∈ R, the constructed complex has the
CBP with skin(B(α)), for any α ∈ R. Therefore, the complex constructed by
Algorithm 2 is inded a skin flow complex.
4.4 Implementation Results
After the skin flow complex is generated for a skin model, it can be used for
all possible input α values. For a particular input α, we generate a mesh by
traversing all 3-cells (tetrahedrons) in skin flow complex.
4.4.1 Mesh Generation
By Lemma 3, the intersection patch between a 3-cell in skin flow complex and
skin surface is either empty or bounded by three or four curves. We ignore the
case where the intersection is empty.
In our program, each curve is approximated by four C0 continuous line
segments. If the intersection patch is bounded by three curves, three interior
points are computed from the triangular patch and the patch is approximated
by 16 triangles, shown in Figure 4.4(a). Otherwise the intersection patch is
bounded by four curves, nine interior points are computed from the rectangular
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patch and the patch is approximated by 32 triangles, shown in Figure 4.4(b).
(a) Triangular Patch (b) Rectangular Patch
Figure 4.4: Mesh Generation. Three interior points are computed from a
triangular patch and the patch is approximated by 16 triangles, as in Figure(a);
while nine interior points are computed to make 32 triangles to approximate
a rectangular patch, as in Figure(b).
4.4.2 Implementation Details
Recall that our skin flow complex algorithm generates a skin surface in the form
of a quadratic complex. In our implementation, a quadratic curve is modelled
by a quadratic rational Be´zier curve, a quadratic triangular patch is modelled
by a quartic rational Be´zier triangular patch and a quadratic rectangular patch
is modelled by a quartic rational Be´zier rectangular patch.
Representing Quadratic Patches with Quartic Rational Be´zier Patches
Similar to section 2.3, we first obtain its boundary representation[16] in order
to parameterize a quadratic patch into a rational Be´zier patch. As illustrated
by Figure 4.5, the process of parameterizations can be achieved in three steps.
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First, for a quadratic patch Q, we project it down to plane Z = 0 by stereo-
graphic projection and denote its image Q′ = f(Q). Then, as the image patch
Q′ is a planar quadratic patch, we parameterize it into a quadratic rational
Be´zier patch, where Q′ = g(u, v). Finally, by composing the inverse of the
stereographic projection f and the quadratic rational Be´zier parameterization
g, we have f−1(g(u, v)) as a quartic polynomial. We solve for the 15 control
















Figure 4.5: Visualization of the parameterizations from a quadratic patch to
a quartic rational Be´zier patch.
4.4.3 Results
The skin meshes constructed by our algorithm are demonstrated here. Fig-
ure 4.6(a) shows the growing skin models of a DNA molecule with PDB ID:
1J5F (ID in Protein Data Bank), which is a revised model of T5 5’ nuclease
DNA. Figure 4.6(c) shows the growing skin models of the crystal structured
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N4-Methylcytosine Guanosin Base-Pairs in synthetic hexanucleotide. Fig-
ure 4.6(b) shows the growing skin models of “Gramicidin A” molecule and
Figure 4.6(d) shows the growing skin models of a DNA molecule with PDB
ID: 101b. Figure 4.7 shows more examples of growing skin models of DNA
molecules with PDB IDs: 1AIE, 1D63, 114D, 161D, 1XD7.
Models Atoms DSTA RDSTA FCA FC Construction
1j5f , Fig 4.6(a) 357 13’05 2’21 0’41 0’12/10=1.2”
adna, Fig 4.6(b) 490 8’12 1’35 0’15 0’08/10=0.8”
133D, Fig 4.6(c) 292 10’32 1’01 0’13 0’07/10=0.7”
101b, Fig 4.6(d) 556 9’14 2’12 0’23 0’09/10=0.9”
1AIE, Fig 4.7(a) 335 11’22 2’33 0’37 0’10/10=1.0”
1D63, Fig 4.7(b) 573 NA 3’12 0’25 0’17/10=1.7”
114D, Fig 4.7(c) 488 10’12 2’31 0’17 0’14/10=1.4”
161D, Fig 4.7(d) 406 9’21 2’25 0’22 0’09/10=0.9”
1XD7, Fig 4.7(e) 883 NA 6’52 1’12 0’31/10=3.1”
Table 4.1: Comparison with existing algorithms. By taking the average time
to compute growing models at 10 different α values, the time for flow complex
construction can be ignored.
Table 4.1 lists the experimental results of the examples in Figure 4.6 and
Fig 4.7, along with a comparison of computation time with the dynamic skin
triangulation algorithm (DSTA) [6] and the restricted delaunay skin meshing
algorithm (RDSMA) [9]. A Pentium 4 2.4GHZ PC with 512MB RAM is used
in this test. Since our goal is to generate growing skin surfaces for real time
application, time is the only criteria in this comparison. By taking the average
time to compute growing models at 10 different α values, the time for flow
complex construction shown in the last column of Table 4.1 can be ignored.
By comparing the average time for computing a growing molecular model, we
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observe that our flow complex approach is much faster and outruns the other
two algorithms with obviously high efficiency, especially for the purpose to
visualize growing models.
4.5 Summary
The skin flow complex algorithm presented in this chapter provides a more
efficient way of visualization growing large molecules represented by the skin
surfaces and it can be further improved if we apply the window stabbing data
structure [19]. Namely, every 3-cells in a skin flow complex has a life time,
which is a window for α. Then the query on which 3-cells in a skin flow complex
contains a particular α can be processed even faster. Comparing with the RBT
clipping algorithm, there is no gap between any neighboring patches in the
resulting quadratic complexes generated by the skin flow complex algorithm,
although each complete surface is composed by many quadratic patches.
The base of the skin flow complex algorithm is the skin flow complex
structure. A skin flow complex structure was defined by decomposing the skin
mixed cells, which can be used to generate skin surface with all possible α sizes.
As α increases, the molecule models grow. By taking the advantages of the
skin flow complex structure, the algorithm builds an initial skin flow complex
and uses it to generate skin surfaces with all possible α inputs. As shown
in the results, the time to generate a sequence of growing skin surfaces of a







Figure 4.6: Figure(a) shows the growing skin models of a DNA molecule with
PDB ID: 1J5F. Figure(b) shows the growing skin models of “Gramicidin A”
molecule. Figure(c) shows the growing skin models of the crystal structured
N4-Methylcytosine Guanosin Base-Pairs in synthetic hexanucleotide. Fig-







Figure 4.7: Figures(a-e) show the growing skin models of DNA molecules with





This thesis developed efficient algorithms for fast generation of skin surface
meshes of large molecular models. Fast visualization of macromolecules helps
scientists to eliminate bad candidate molecular models in the early stage [2,
4]. The RBT clipping algorithm showed us a potential way to accelerate the
process of skin mesh generation, namely, to decompose a skin mesh into a
finite number of patches. With the ability to visualize growing surfaces of a
macromolecule for real time applications, the skin flow complex algorithm fills
the purposes such as different radiuses of the solvents [27]. As it generates
3D model surfaces in the form of rational Be´zier complexes, the skin flow
complex algorithm provides a surface construction frame work that is also
general enough for other molecular models such as unions of balls, as well as
general geometric modelling such as CAD/CAM designs.
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Further investigations are expected in several aspects. First, we can
apply the window stabbing data structure [19] to the skin flow complex algo-
rithm. Namely, every 3-cells in a skin flow complex has a life time, which is a
window for α. Then the query on which 3-cells in a skin flow complex contains
a particular α can be processed even faster. Next, we can parameterize the
quadratic patches by Nonuniform Rational B-Splines(NURBS) [28]. Also we
can generate the points on the quadratic curves and patches differently, accord-
ing to the curvature changes [25]. Finally, the application of the skin surface is
not limited to molecular modelling. It is possible to investigate the application
of the skin surfaces in other fields. Kruithof et al. [22] stepped toward this
direction by approximating a simple smooth surface by a skin surface. Cheng
and Tan [10] also proposed a method to approximate polygonal objects with
skin surfaces. Because the skin surface can be deformed freely with smooth
transitions, the approximation of a surface model with skin surfaces will give
new insights for the computer animation studies as well [5, 29].
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